We present economical iterative algorithms built on the Biconjugate A-Orthonormalization Procedure for real unsymmetric and complex nonHermitian systems. The principal characteristics of the developed solvers is that they are fast convergent and cheap in memory. We report on a large combination of numerical experiments to demonstrate that the proposed family of methods is highly competitive and often superior to other popular algorithms built upon the Arnoldi method and the biconjugate Lanczos procedures for unsymmetric linear sytems.
Introduction
In this study we investigate variants of the Lanczos method for the iterative solution of real unsymmetric and/or complex non-Hermitian linear systems
with the motivation of obtaining smoother and, hopefully, faster convergence behavior in comparison with the BiCG method as well as its two evolving variants -the CGS method and one of the most popular methods in use today -the Biconjugate Gradient Stabilized (BiCGSTAB) method.
Iterative methods for solving unsymmetric systems are commonly developed upon the Arnoldi or the Lanczos biconjugate algorithms. These procedures generate an orthonormal basis for the Krylov subspaces associated with A and an initial vector v, and require only matrix-vector products by A. The generation of the vector recurrence by Arnoldi produces Hessenberg matrices, while the unsymmetric Lanczos biconjugation produces tridiagonal matrices. The price to pay due long recurrences in Arnoldi is the increasing orthogonalization cost along the iterations.
In this paper we develop economical iterative algorithms built on the Biconjugate A-Orthonormalization Procedure presented in Section 2. The method ideally builds up a pair of Biconjugate A-Orthonormal (or, briefly, A-biorthonormal) basis for the dual Krylov subspaces K m (A; v 1 ) and A T K m (A T ; w 1 ) in the real case (which is A H K m (A H ; w 1 ) in the complex case). The projection matrix onto the corresponding Krylov subspace is tridiagonal, so that the generation of the vector recurrences is extremely cheap in memory. We provide the theoretical background for the developed algorithms and we discuss computational aspects. We show by numerical experiments that the Biconjugate A-Orthonormalization Procedure may lead to highly competitive solvers that are often superior to other popular methods, e.g. CGS, BiCGSTAB, IDR(s). We apply these techniques to sparse and dense matrix problems, both in real and complex arithmetic, arising from realistic applications in different areas. This study integrates and extends the preliminary investigations reported in [12] , limited to the case of complex non-Hermitian systems. In this paper we consider a much larger combination of experiments with both real and complex matrices having size order twice as large. Finally, we complete our work with a case study with dense linear systems in electromagnetic scattering from large structures.
The paper is structured as follows: in Section 2 we present the Biconjugate A-Orthonormalization Procedure and its properties; in Section 3 we describe a general framework to derive linear solver from the proposed procedure, and we present the algorithmic development of two Krylov projection algorithms. Finally, in Section 6 we report on extensive numerical experiments for solving large sparse and/or dense linear systems, both real and complex.
A general two-sided unsymmetric Lanczos biconjugate A-orthonormalization procedure
Throughout this paper we denote the standard inner product of two real vectors u, v ∈ R n as
Given two vectors v 1 and w 1 with euclidean inner product ω 1 , Av 1 = 1, we define Lanczos-type vectors v j , w j and scalars δ j , β j , j = 1, 2, . . . , m by the following recursions
where the scalars are chosen as
This choice of the scalars guarantees that the recursions generate sequences of biconjugate A-orthonormal vector (or briefly, A-biorthonormal vectors) v i and w i , according to the following definition Definition 1 Right and left Lanczos-type vectors v j , j = 1, 2, . . . , m and w i , i = 1, 2, . . . , m form a biconjugate A-orthonormal system in exact arithmetic, if and only if
Eqns. (2-3) can be interpreted as a two-side Gram-Schmidt orthonormalization procedure where at step i we multiply vectors v i and w i by A and A T , respectively, and we orthonormalize them against the most recently generated Lanczos-type pairs (v i , w i ) and (v i−1 , w i−1 ). The vectors α i v i , α i w i are the complex biconjugate Aorthonormal projections of Av i and A T w i onto the most recently computed vectors v i and w i ; analogously, the vectors β i v i−1 , δ i w i−1 are the complex biconjugate Aorthonormalization projections of Av i and A T w i onto the next computed vectors v i−1 and w i−1 . The two sets of scalars satisfy the following relation
The scalars β i and δ i can be chosen with some freedom, provided the biconjugate A-orthonormalization property holds.
We sketch the complete procedure in Algorithm 1
8:
10:
Notice that there is a clear analogy with the standard unsymmetric biconjugate Lanczos recursions. The matrix A is not modified and is accessed only via matrixvector products by A and A T . Similarly to the standard Lanczos procedure, the two most recently computed pairs of Lanczos-type vectors v k and w k for k = i, i − 1 are needed at each step. These two vectors may be overwritten with the most recent updates. Therefore the memory storage is very limited compared to the Arnoldi method. The price to pay is some lack of robustness due to possible vanishing of the inner products. Observe that the above algorithm is possible to breakdown whenever δ j+1 vanishes whileŵ j+1 and Av j+1 are not equal to 0 ∈ R n appearing in line 7. In the interest of counteractions against such breakdowns, refer oneself to remedies such as so-called look-ahead strategies [9, 11, 15, 16] which can enhance stability while increasing cost modestly, or others for example [3] . But that is outside the scope of this paper and we shall not pursue that here; for more details, please refer to [18] and the references therein. In our experiments we never observed a breakdown of the algorithm, as we will see in Section 6. However, it is fair to mention that this problem may occurr. The following proposition states some useful properties of Algorithm 1.
Proposition 1 If Algorithm 1 proceeds m steps, then the right and left Lanczostype vectors v j , j = 1, 2, . . . , m and w i , i = 1, 2, . . . , m form a biconjugate Aorthonormal system in exact arithmetic, i.e., 
where
whose entries are the coefficients generated during the algorithm implementation, and in which α 1 , . . . , α m , β 2 , . . . , β m are complex while δ 2 , . . . , δ m positive. Then with the Biconjugate A-Orthonormalization Procedure, the following four relations hold
Proof. See [12] .
A characterization of Algorithm 1 in terms of projections into relevant Krylov subspaces is derived in the following 3 The Lanczos A-biorthonormalization method for general linear systems
From the recursions defined in Eqns (2)- (3) and the characterization given by Corollary (1), we derive a Lanczos A-biorthonormalization method for general linear systems along the following lines. 
or equivalently in matrix formulation
Recall that the approximate solution has form
so that by simple substitution and computation with Eqns (8-10) we obtain a tridiagonal system to solve for y m , 
β * and v 1 is chosen properly such that v 1 , Aw 1 = 1, then the counterparts of (9-11) are the following
where V m , W m and T m are defined in Proposition 1 and y * m ∈ R n is the coefficient vector of the dual linear combination. In Section 6 we will derive a formulation that does not require multiplications by A T .
Algorithm 2 Two-sided Biconjugate A-Orthonormalization method. 
substituting which into (10-11) and (13) (14) gives respectively
. Using the same argument as in the derivation of DIOM from IOM Algorithm in [18] -Chapter 6, we easily derive the relations
where ξ m and ξ * m are coefficients, p m and p * m are the corresponding mth column vectors in P m and P * m defined above, termed as the mth primary and dual direction vectors, respectively.
Observe that the pairs of the primary and dual direction vectors form a biconjugate
with (8) . In addition, the mth primary residual vector r m = b − Ax m and the mth dual residual vector r * m = b * − Ax * m can be expressed as
by simple computation with (5) (6) (10) (11) (13) (14) . Eqns (15) and (16) together with (7) reveal that the primary and dual residual vectors satisfy the biconjugate A-orthogonal conditions, i.e. r * i , Ar j = 0 for i = j. It is known that the constraint subspace in an oblique projection method is different from the search subspace and may be totally unrelated to it. The distinction is rather important and gives rise to different types of algorithms [18] . The biconjugate A-orthogonality between the primary and dual residual vectors and the biconjugate A 2 -orthonormality between the primary and dual direction vectors reveal and suggest alternative choices for the constraint subspace. This idea helps to devise the BiCOR method described in the coming section.
The BiCOR method
Proceeding in a similar way like the Conjugate Gradient and its variants CG, CR, COCG, BiCGCR, COCR and BiCR, given an initial guess x 0 to the considered linear system Ax = b, we derive algorithms governed by the following coupled twoterm recurrences
where r j = b − Ax j is the jth residual vector and p j is the jth search direction vector. Denoting L m the underlying constraints subspace, the parameters α i , β i can be determined by imposing the following orthogonality conditions:
For concerned real unsymmetric linear systems
an expanded choice for the constraint subspace is
, where r * 0 is chosen to be equal to P (A)r 0 , with P (t) an arbitrary polynomial of certain degree with respect to the variable t and p * 0 = r * 0 . It should be noted that the optimal choice for the involved polynomial is in general not easily obtainable and requires some expertise and artifice. This aspect needs further research. When there is no ambiguity or other clarification, a specific default choice for L m with r * 0 = Ar 0 is adopted in the numerical experiments against the other popular choice for L m with r * 0 = r 0 , see e.g. [22, 23] . It is important to note that the scalars α j , β j (j = 0, 1, . . .) in the recurrences (18) (19) (20) are different from those produced by Algorithm 1. The search direction vectors p j s here are multiples of the primary direction vectors p j s defined in Section 3. The coupled two-term recurrences for the (j +1)th shadow residual vector r * j+1 and the associated (j +1)th shadow search direction p * j+1 can be augmented by similar relations to (19) (20) as follows:
where α j and β j are the conjugate complex of α j and β j in (19) (20) , correspondingly. Then with a certain polynomial P (t) with respect to t, (21) explicitly reads
and
which can be reinterpreted from a practical point of view as
• the residual vectors r i 's and the shadow residual vectors r * j 's are biconjugate A-orthogonal to each other, i.e., r * j , Ar i = A T r * j , r i = 0, for i = j;
• the search direction vectors p i s and the shadow search direction vectors p *
These facts are already stated in the latter part of Section 3. Therefore, we possess the conditions to determine the scalars α j and β j by imposing the corresponding biorthogonality and biconjugacy conditions (25) into (19) (20) (23) (24) . We use extensively the algorithmic schemes introduced in [8] for descriptions of the present algorithms.
Making the inner product of A T r * j and r j+1 as defined by (19) yields
with the biconjugate A-orthogonality between r j+1 and r * J , further resulting in
where the denominator of the above right-hand side can be further modified as
because p * j−1 and p j are A 2 -biconjugate. Then
Similarly, writing that p j+1 as defined by (20) is A 2 -biconjugate to p * j yields
and therefore,
because of the biconjugate A-orthogonality of r * j and r j+1 . Putting these relations (17) (18) (19) (20) (23) (24) (26) (27) together and taking the strategy of reducing the number of matrix-vector multiplications by introducing an auxiliary vector recurrence and changing variables, together lead to the BiCOR method. The pseudocode for the left preconditioned BiCOR method with a preconditioner M is given in the following Algorithm 3. 
17:
18:
19:
end if 21:
23:
24:
25: Exploiting similar ideas to the ingenious derivation of the CGS method [27] , one variant of the BiCOR method can be developed which does not require matrix-vector products by A T . The new algorithm is referred to as CORS and is derived using a different polynomial representation of the residual with the hope of increasing the effectiveness of BiCOR in certain circumstances. First, the CORS method follows exactly a similar way in [27] for the derivation of the CGS method while taking the strategy of reducing the number of matrix-vector multiplications by introducing auxiliary vector recurrences and changing variables. In Algorithm 3, by simple induction, the polynomial representations of the vectors r j , r * j , p j , p * j at step j can be expressed as follows
where φ j and π j are Lanczos-type polynomials of degree less than or equal to j satisfying φ j (0) = 1. Substituting these corresponding polynomial representations into (26, 27) gives
Also, note from (19, 20) that φ j and π j can be expressed by the following recurrences
By some algebraic computation with the help of the induction relations between φ j and π j and the strategy of reducing operations mentioned above, the desired CORS method can be obtained. The pseudocode for the resulting left preconditioned CORS method with a preconditioner M can be represented by the following scheme. In many cases, the CORS method is amazingly competitive with the BiCGSTAB method (see e.g. Section 6). However, the CORS method, like the CGS, SCGS, and the CRS methods, is based on squaring the residual polynomial. In cases of irregular convergence, this may lead to substantial build-up of rounding errors and worse approximate solutions, or possibly even overflow (see e.g. example). For discussions on this effect and its consequences, see [8, 18, 20, 21, 30] . 
end if 20: solve M q = q j−1 21:q = Aq 
26:
r j = r j−1 − α j−1 (2d j−1 − α j−1q ) 28: check convergence; continue if necessary 29: end for We initially illustrate the numerical behavior of the proposed algorithms on a set of sparse linear systems. Although the focus of the paper is on real unsymmetric problems, we also report on experiments on complex systems. The Lanczos biconjugate A-orthonormalization procedure is straightforward to generalize to complex matrices, see e.g. [12] . We select matrix problems of different size, from small (a few tens thousand unknowns) to large (more than one million unknowns), and arising from various application areas. The test problems are extracted from the University of Florida [2] matrix collection, except the two SOMMEL problems that are made available at Delft University. The characteristics of the model problems are illustrated in Tables (1,2), and the numerical results are shown in Tables 3. The experiments are carried out using double precision floating point arithmetic in MATLAB 7.7.0 on a PC equipped with a Intel(R) Core(TM)2 Duo CPU P8700 running at 2.53GHz, and with 4 GB of RAM. We report on number of iterations (referred to as Iters), CPU consuming time in seconds (referred to as CP U ), log 10 of the final true relative residual 2-norms defined log 10 (||b − Ax n || 2 /||r 0 || 2 ) (referred to as T RR). The stopping criterium used here is that the 2-norm of the residual be reduced by a factor T OL of the 2-norm of the initial residual, i.e., ||r n || 2 /||r 0 || 2 < T OL, or when Iters exceeded the maximal number of matrix-by-vector products M AXM V . We take M AXM V very large (10000) and T OL = 10 −8 . All these tests are started with a zero initial guess. The physical right-hand side is not always available for all problems. Therefore we set b = Ae, where e is the n × 1 vector whose elements are all equal to unity, such that x = (1, 1, , 1) T is the exact solution. It is stressed that the specific default choice for the constraint space L m with r * 0 = Ar 0 is adopted in the implementation of the Lanczos biconjugate A-orthonormalization methods. Finally, a symbol '-' is used to indicate that the method did not meet the required TOL before M AXM V .
We observe that the proposed algorithms enable to solve fairly large problems in a moderate number of iterations. The iteration count is always much smaller than the problem dimension, see e.g. experiments on the large ATMOSMODJ, ATMOSMODL, KIM2 problems. The final approximate solution is generally very accurate. In all our experiments we did not observe breakdowns in the Lanczos A-biorthonormalization procedure that proves to be remarkably robust. The setup of the methods does not require parameters; however, there is some freedom in the selection of the initial shadow residual r * 0 . We analyse in Table 4 the effect of a different choice for the initial shadow residual; performance may slightly change but the convergence trend is preserved and in general it is not possible to predict a priori the effect. The results indicate that CORS is significantly more robust and faster than BiCOR. The proposed family of solvers exhibits fast convergence, is parameter-free, is extremely cheap in memory as it is derived from short-term vector recurrences and does not suffer from the restriction to require a symmetric preconditioner when it is applied to symmetric systems. Therefore, it can be a suitable computational tool to use in applications.
In Tables (5-18 ) we illustrate some comparative figures with other popular Krylov solvers, that are developed on either the Arnoldi and the Lanczos biconjugation methods. The only intention of these experiments is to show the level of competiteveness of the presented Lanczos A-biorthonormalization method with other popular approaches for linear systems. We consider GMRES(50), Bi-CG,QMR, CGS, Bi-CGSTAB, IDR(4), BiCOR, CORS, BiCR. Indeed some of these algorithms depend on parameters and we did not search the optimal value on our problems. We set the value of restart of GMRES equal to 50. The memory request for GMRES is the matrix+(restart+5)n, so that it remains much larger than the memory needed for CORS and BiCOR (see Table 19 ). The parameter value for IDR is selected to 4, that is often used in experiments. The CORS method proves very fast in comparison, thanks to its low algorithmic cost. We observe the robustness of the two algorithms on the STOMMEL1 problem from Ocean modelling. On this problem, CORS, BICOR and IDR are equally efficient, IDR being slightly faster; however, CORS and BICOR are remarkably accurate.
Matrix problem
Size 
dense problems
In the last decade, iterative methods have become widespread also in dense matrix computation partly due to the development of efficient boundary element techniques for engineering and scientific applications. Boundary integral equations, i.e. integral equations defined on the boundary of the domain of interest, is one of in many studies but they may need many more iterations to converge especially on realistic geometries [1, 14] . In this study we report on results of experiments with Lanczos Abiorthonormalization methods on four dense matrix problems arising from boundary integral equations in electromagnetic scattering from large structures. An accurate solution of scattering problems is a critical concern in civil aviation simulations and stealth technology industry, in the analysis of electromagnetic compatibility, in medical imaging, and other applications. The selected linear systems arise from reformulating the Maxwell's equations in the frequency domain as the following variational problem:
Find the distribution of the surface current j induced by an incoming radiation, such that for all tangential test functions j t we have
We denote by G(|y − x|) = e ik|y−x| 4π|y − x| the Green's function of Helmholtz equation, Γ the boundary of the object, k the wave number and Z 0 = µ 0 /ε 0 the characteristic impedance of vacuum ( is the electric permittivity and µ the magnetic permeability). Boundary element discretizations of (28) over a mesh containing n edges produce dense complex non-Hermitian systems Ax = b. The set of unknowns are associated with the vectorial flux across an edge in the mesh, while the right-hand side varies with the frequency and the direction of the illuminating wave. When the number of unknowns n is related to the wavenumber, the iteration count of iterative solvers typically increase as O(n 0.5 ) [24] . Eqn (28) [14] . Therefore, we stick with Eqn. (28) . We report the characteristics of the linear systems in Table 20 and we depict the corresponding geometries in Figure 1 . In addition to BiCOR and CORS, we consider complex versions of BiCGSTAB, QMR, GMRES. Indeed these are the most popular Krylov methods in this area. The runs are done on one node of a Linux cluster equipped with a quad core Intel CPU at 2.8GHz and 16 GB of physical RAM. using a Portland Group Fortran 90 compiler version 9.
In Table 21 , we show the number of iterations required by Krylov methods to reduce the initial residual to O(10 −5 ) starting from the zero vector. The right-hand side of the linear system is set up so that the initial solution is the vector of all ones. We carry out the M-V product at each iteration using dense linear algebra packages, i.e. the ZGEMV routine available in the LAPACK library and we do not use preconditioning. We observe again the remarkable effectiveness of the CORS method, that is the fastest non-Hermitian solver with respect to CPU time on most selected examples except GMRES with large restart. Indeed, unrestarted GMRES may outperform all other Krylov methods and should be used when memory is not a concern. However reorthogonalization costs may penalize the GMRES convergence in large-scale applications, so using high values of restart may not be convenient (or even not affordable for the memory) as shown in earlier studies [1] . In Table 21 we select a value of 50 for the restart parameter.
The good efficiency of CORS is even more evident on the two realistic aircraft problems i.e. Examples 3-4 which are very difficult to solve by iterative methods as no convergence is obtained without preconditioning in 3000 iterates. In Table 22 we report on the number of iterations and on the CPU time to reduce the initial residual to O(10 −3 ). This tolerance may be considered accurate enough for engineering purposes. In [1] it has been shown that a level of accuracy of O(10 −3 ) may enable a correct reconstruction of the radar cross section of the object. Again, CORS is more efficient than restarted GMRES on these two tough problems. The BiCOR method also shows fast convergence. However, a nice feature of CORS over BiCOR is that it does not require matrix multiplications by A H on complex systems. This may represent an advantage when MLFMA is used because the Hermitian product often requires a specific algorithmic implementation [28] . In Figures 2 we illustrate the convergence history of CORS and GMRES(50) on Examples 2 to show the different numerical behavior of the two families of solvers. The residual reduction is much smoother for GMRES along the iterations. We observe that in our experiments, BiCGSTAB and unsymmetric QMR algorithms generally converge more slowly than BiCOR and CORS.
The large spectrum of real and complex linear systems, in both sparse and dense matrix computation, reported in this study illustrate the favourable numerical properties of the proposed unsymmetric variant of the Lanczos procedure for linear systems. The results indicate that our computational techniques are capable to solve very efficiently a large variety of problems. Therefore, they can be a suitable numerical tool to use in applications.
